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Abstract
A root of unity limit of the q-deformed Virasoro algebra is considered. The ŝl(2)k current
algebra and the integral formulas of the solutions of the KZ equations can be realized by the
q-deformed boson at the limit and an additional boson. We explicitly construct the integral
representation of the four-point blocks with a K-operator insertion.
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1 Introduction
The AGT relation [1] states that the instanton partition functions [2] of the four-dimensional
N = 2 SU(2) gauge theory are related to the correlation functions [3] of the two-dimensional
conformal field theory with Virasoro symmetry. The extension to the similar correspondence be-
tween SU(n) gauge theory and conformal field theory with Wn symmetry has been constructed
in [4, 5]. Since then, the both sides of the correspondence have been intensively studied by a
number of people. For example, see [9–32].
There exists a natural generalization to the connection between the 2d theory with the q-
deformed Virasoro/W symmetry and the five-dimensional gauge theory [33–39]. Recently, the
elliptic Virasoro/6d correspondence is also proposed in [40, 41].
In our previous papers [42–44], we considered a r-th root of unity limit in q and t (q → ω,
t→ ω with ω = e 2piir ) of the q-W/5d correspondence. In [42], we proposed a limiting procedure
to get the Virasoro/W block in the 2d side from that in the q-deformed version. In [43], we
have elaborated the limiting procedure and showed that the Zr-parafermionic CFT appears in
the 2d side. 1
The another extension of the AGT relation by including various defects in the gauge theory
have also been considered [46]. We are interested in the defects, the so-called surface operator,
supported on two-dimensional submanifolds (for review for surface operator, see [47]). There
are two kinds of the surface operators in a sense, i.e. two-dimensional defects brought either
from 2d-defect of 4d-defects in the M5-brane construction ofN = 2 gauge theory. The instanton
partition functions in the presence of a kind of surface operator are related with the conformal
block with a degenerate field insertion [48–54]. In the present paper, we focus on the 4d-defects.
It was conjectured that the instanton partition functions in this case are related to the affine
ŝlk(n) current block with a mysterious operator, the so-called K operator, insertion [55, 56].
More general cases of the surface operator insertion are discussed in [57, 58].
On the other hand, the defining relation of the q-Virasoro algebra is [59–61]
f(z′/z)T (z)T (z′)− f(z/z′)T (z′)T (z) = (1− q)(1− t
−1)
(1− p)
[
δ(pz/z′)− δ(p−1z/z′)
]
, (1.1)
where p = q/t and
f(z) = exp
( ∞∑
n=1
1
n
(1− qn)(1− t−n)
(1 + pn)
zn
)
, δ(z) =
∑
n∈Z
zn. (1.2)
1The root of unity limit of the troidal algebra has also been considered in [45].
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It is known that the q-deformed current T (z) can be realized by the q-deformed Heisenberg
algebra. In this paper, we consider the following root of unity limit in q and t:
q → 1, t→ −1. (1.3)
This limit has been considered in [63] and the q-Virasoro algebra (1.1) is reduced to the
Lepowsky-Wilson’s Z-algebra [64, 65]. The ŝl(2)k current algebra can be realized by using
the two types of bosons obtained from a q-deformed boson in this limit and an additional bo-
son. In this formalism, we will first reconstruct the integral representation of the solution to
the KZ equation [66] that the current blocks should satisfy. Then we consider the current block
with the K operator insertion and illustrate how to derive those as integral representation.
This paper is organized as follows: In section two, the root of unity limit of the q-deformed
boson is considered. In section three, we see that the ŝl(2)k current algebra can be realized. In
section four, integral formulas of the solutions to the KZ equation are constructed. In section
five, we consider the four-point current block with the K operator insertion and present its
integral representation.
2 q-deformed boson at root of unity
As mentioned in Introduction, the q-deformed Virasoro current T (z) can be realized by the
q-deformed Heisenberg algebra [59],
[α0, Q˜] = 2,
[αn, αm] = −1
n
(1− q−n)(1− tn)(1 + pn)δn+m,0.
(2.1)
The q-deformed boson is defined by
ϕ˜(z) = ϕ˜even(z) + ϕ˜odd(z), (2.2)
where
ϕ˜even(z) = β
1
2 Q˜+ β
1
2α0 log z −
∑
n 6=0
1
qn − q−nα2nz
−2n, (2.3)
ϕ˜odd(z) = −
∑
n∈Z
1
q(2n+1)/2 − q−(2n+1)/2α2n+1z
−(2n+1). (2.4)
Let us consider the following limit of the q-deformed boson,
q = tα = e
− h√
β , t = (−1)k˜e−
√
βh, p = q/t = (−1)−k˜eQEh, h→ 0. (2.5)
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where k˜ is an odd number and QE =
√
β − 1√
β
and α = 1
β
. In order to take this limit, the
following condition is demanded:
α
(
ipik − h√
α
+ 2piim+
)
= −√αh + 2piim−. (2.6)
where m± are positive integers. Thus the parameter α has to satisfy
α =
1
β
=
2m−
2m+ + k˜
≡ 2
2 + k
, (2.7)
where
k =
2(m+ −m−) + k˜
m−
. (2.8)
In the section 3, we will see that the parameter k serves as the level of the ŝl(2)k algebra. In
the limit (2.5), the even and odd part of the q-boson are expanded in powers of h as
ϕ˜even(z) ≡ φ1(z) +O(h), (2.9)
ϕ˜odd(z) ≡ φ2(z) +O(h), (2.10)
where
φ1(z) = Q+ φ
(1)
0 log z −
∑
n 6=0
φ
(1)
2n
2n
z−2n, (2.11)
φ2(z) = −
∑
n∈Z
φ
(2)
2n+1
2n+ 1
z−(2n+1). (2.12)
with the commutation relations,
[φ
(1)
2n , φ
(1)
2m] = (k + 2)(2n)δn+m,0, [φ
(1)
0 , Q] = k + 2, (2.13)
[φ
(2)
2n+1, φ
(2)
−2m−1] = −k(2n + 1)δn,m. (2.14)
3 Affine ŝlk(2) algebra
3.1 Free field realization
There exists the well-known free field realization in terms of a free boson and β-γ system i.e. the
Wakimoto representation [62]. However, we introduce another realization of the ŝlk(2) current
algebra in terms of the bosons obtained in the previous section because it is useful in order to
consider the insertion of the K operator which we will see in the section 5.
3
The following additional boson are required:
φ0(z) = −
∑
n∈Z
φ
(0)
2n+1
2n+ 1
z−(2n+1), (3.1)
with
[φ
(0)
2n+1, φ
(0)
−2m−1] = k(2n + 1)δn,m. (3.2)
This has the same algebraic structure as φ(2)(z) (times i). Following [63], let us introduce
β(z) = ∂φ0(z), (3.3)
x(z) =: (∂φ1(z) + ∂φ2(z))e
2
k
ϕ(z) :, (3.4)
where ϕ(z) = φ0(z) + φ2(z) and the symbol :: stands for the normal ordering defined in the
standard way. Using β(z) and x(z), we can explicitly construct the ŝl(2) currents of the level
k as follows:
E(w) =
1
2
(β(z)− xe(z))
∣∣∣∣
w=z2
, (3.5)
F (w) =
1
2z2
(β(z) + xe(z))
∣∣∣∣
w=z2
, (3.6)
H(w) =
(
xo(z)
z
+
k
2z2
)∣∣∣∣
w=z2
, (3.7)
where
xe(z) =
1
2
(x(z) + x(−z)), xo(z) = 1
2
(x(z)− x(−z)). (3.8)
Note that the currents are defined on w-plane. In fact, one can easily check that E(w), F (w)
and H(w) serve precisely as the affine ŝl(2)k currents,
H(w1)H(w2) ∼ 2k
(w1 − w2)2 ,
H(w1)E(w2) ∼ 2
w1 − w2E(w2),
H(w1)F (w2) ∼ −2
w1 − w2F (w2),
E(w1)F (w2) ∼ k
(w1 − w2)2 +
1
w1 − w2H(w2).
(3.9)
The stress tensor with the central charge c = 3k
k+2
can also be constructed by the Sugawara
construction,
T (w) =
1
4z2
{
1
k
(∂φ0)
2 +
1
κ
(∂φ1)
2 − 1
k
(∂φ2)
2 − 1
κ
(
∂ +
1
z
)
∂φ1
+
1
z
(
∂φ1 cosh
2
k
ϕ+ ∂φ2 sinh
2
k
ϕ
)
+
k(k + 4)
4κz2
}∣∣∣∣
w=z2
, (3.10)
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where κ = k + 2 as usual.
3.2 spin j/2 representation
The operators corresponding to the highest (respectively, lowest) weight state of the spin 1/2
representation are given by
V1/2,1/2(w) =
1
2
:
(
eα
iφi(z) + eα
iφi(−z)
)
:
∣∣∣∣
w=z2
= z
k
2κ : e
1
κ
φ1 cosh
(
1
k
ϕ(z)
)
:
∣∣∣∣
w=z2
, (3.11)
V1/2,−1/2(w) =
1
2z
:
(
eα
iφi(z) − eαiφi(−z)
)
:
∣∣∣∣
w=z2
= z
k
2κ : e
1
κ
φ1
sinh
(
1
k
ϕ(z)
)
z
:
∣∣∣∣∣
w=z2
, (3.12)
where the repeated indices i are summed over for i = 0, 1, 2 and
(α0, α1, α2) =
(
1
k
,
1
κ
,
1
k
)
. (3.13)
In general, the operators corresponding to the states belonging to the spin j/2 representation
(j ∈ Z≥0) are given by
Vj/2,j/2−m(w) = z
jk
2κ
−m : ejα
1φ1 coshj−m
(
1
k
ϕ(z)
)
sinhm
(
1
k
ϕ(z)
)
:
∣∣∣∣
w=z2
, 0 ≤ m ≤ j. (3.14)
In particular, the operator corresponding to the highest weight state is
Vj/2(w) ≡ Vj/2,j/2(w) = z
kj
2κ : ejα
1φ1 coshj
(
1
k
ϕ(z)
)
:
∣∣∣∣
w=z2
. (3.15)
The vertex operator Vj/2,j/2−m(w) has the expected behavior,
H(w1)Vj/2,j/2−m(w2) ∼
2
(
j
2
−m)
w1 − w2 Vj/2,j/2−m(w2),
E(w1)Vj/2,j/2−m(w2) ∼ m
w1 − w2Vj/2,j/2−m+1(w2),
F (w1)Vj/2,j/2−m(w2) ∼ j −m
w1 − w2Vj/2,j/2−m−1(w2),
(3.16)
On the other hand, it is easy to check that Vj/2,j/2−m(w) is also primary operator with the
scaling dimension ∆j =
j(j+2)
4κ
.
4 Solutions of KZ equation
Let V = Vj1 ⊗ Vj2 ⊗ · · · ⊗ VjN . Here Vjn, 0 ≤ n ≤ N is the (jn + 1)-dimensional lowest
weight module for sl2. The standard Chevalley basis of sl2 is denoted by {e, f, h} with [e, f ] =
5
h, [h, e] = 2e, [h, f ] = −2f . The lowest weight state vj ∈ Vj is defined by
f · vj = 0, h · vj = −jvj , ej+1 · vj = 0. (4.1)
The KZ equation [66] (for review, see [67]) is written as
κ
∂
∂wn
Ψ(w) =
(
N∑
m=1,m6=n
Ωmn
wm − wn
)
Ψ(w), n = 1, · · · , N. (4.2)
where Ψ(w) is the function which takes value in V and
Ωmn = emfn + fmem +
1
2
hmhn. (4.3)
Here xn stands for the action of x ∈ sl2 on Vjn, i.e.
xn = 1⊗ 1⊗ · · ·⊗
n
∨
x ⊗ · · · ⊗ 1, (4.4)
xmyn = 1⊗ 1⊗ · · ·⊗
m
∨
x ⊗ · · ·⊗
n
∨
y ⊗ · · · ⊗ 1 (4.5)
In this section, we want to get the integral formulas of the solutions of (4.2) in the free field
realization constructed in the previous section.
4.1 A simple solution
Let us define
X(z) =: cosh
(
1
k
(φ0 + φ2)(z)
)
:, Y (z) =
1
z
: sinh
(
1
k
(φ0 + φ2)(z)
)
:, (4.6)
Zj(z) = z
kj
2κ : e
j
κ
φ1(z) : . (4.7)
Then the operator (3.14) is expressed by
Vj/2,j/2−m(w) = Zj(z)X(z)
j−mY (z)m
∣∣∣∣
w=z2
. (4.8)
Note that
X(z1)X(z2) =: X(z1)X(z2) :, Y (z1)Y (z2) =: Y (z1)Y (z2) :, X(z1)Y (z2) =: X(z1)Y (z2) :,
(4.9)
N∏
i=1
Zji(zi) =
N∏
m<n
(z2m − z2n)
jmjn
2κ :
N∏
n=1
Zjn(zn):. (4.10)
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Let us choose the Fock vacuum |Ω〉 and the conjugate 〈Ω| as
φ
(0)
2n+1|Ω〉 = 0, φ(1)2n |Ω〉 = 0, φ(2)2n+1|Ω〉 = 0, n ≥ 0,
〈Ω|φ(0)2n+1 = 0, 〈Ω|φ(1)2n = 0, 〈Ω|φ(2)2n+1 = 0, n < 0,
(4.11)
The highest weight state of the spin j/2 representation is given by
|j〉 = e 1κ(j− k2 )Q|Ω〉, 〈j| = 〈Ω|e− 1κ(j− k2 )Q. (4.12)
We denote by Hj the highest weight module over ŝl(2)k generated from |j〉. Then the operator
Vj/2,j/2−m(w) plays a role to map Hj0 onto Hj0+j for any j0 ∈ Z≥0. From the product of N
Vj/2’s we obtain
〈j|
N∏
n=1
Vjn/2(wn)|0〉 =
N∏
m<n
(wm − wn)
jmjn
2κ ≡ ψ0(w), j =
N∑
n=1
jn. (4.13)
Consequently the simple solution of (4.2) is given by
Ψ0(w) = ψ0(w)v =
N∏
m<n
(wm − wn)
jmjn
2κ v = 〈j|
N∏
n=1
Vjn/2(zn)|0〉v, j =
N∑
n=1
jn, (4.14)
where v = vj1 ⊗ vj2 ⊗ · · · ⊗ vjN ∈ V .
4.2 screening charge
The screening current is defined by 2
S(τ) = t−
k
κ∂φ2(t)e
− 2
κ
φ1(t)
∣∣∣∣
τ=t2
, (4.15)
which satisfies
β(z)S(τ) ∼ 0,
xe(z)S(τ) ∼ ∂
∂τ
Ae(z, τ),
xo(z)
z
S(τ) ∼ ∂
∂τ
Ao(z, τ),
(4.16)
2The screening current (4.15) can be obtained by taking the root of unity limit of the q-deformed screening
current S˜(z) = eϕ˜(z) up to the overall factor.
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where
Ae(z, τ) = κ
t
k+4
k+2
z2 − t2
(
e
2
k
(φ0+φ2)(t) + e−
2
k
(φ0+φ2)(t)
)
e−
2
k+2
φ1(t)
∣∣∣∣
τ=t2
, (4.17)
Ao(z, τ) = κ
t
k+4
k+2
z2 − t2
1
t
(
e
2
k
(φ0+φ2)(t) − e− 2k (φ0+φ2)(t)
)
e−
2
k+2
φ1(t)
∣∣∣∣
τ=t2
. (4.18)
The screening charge defined by
U =
∫
C
dτS(τ), (4.19)
commutes with the ŝl(2)k currents E(w), H(w), F (w). Here we postulate the cycle C on w-plane
is chosen appropriately.
4.3 intertwining operator
In this section, we consider the intertwining operator Φmj (z) : Hj0 →Hj0+j−2m⊗Vj , ∀j0 ∈ Z≥0.
Let us introduce the following formal operator:
γ(z) = X(z)−1Y (z). (4.20)
The intertwining operator of level m = 0 can be constructed in terms of Zj(z), X(z) and Y (z)
as
Φ0j(z)u = Zj(z)X
j(z)e−γ(z)⊗e(u⊗ vj), (4.21)
where u ∈ Hj0 and vj ∈ Vj is the lowest weight state. In fact, Φ0j(z) satisfies the intertwining
relation,
Φ0j(z)J
A
n = (J
A
n ⊗ 1 + (z2)n · 1⊗ A)Φ0j (z) A = e, f, h. (4.22)
By using the intertwining operators, Ψ0(w) is given by
Ψ0(w) = 〈j|
N∏
n=1
Φ0jn(zn)|0〉, j =
N∑
n=1
jn. (4.23)
The general m intertwining operator can be obtained by multiplying m screening charges to
Φ0j (z),
Φmj (z)u = Φ
0
j (z)U
m, (4.24)
and the solutions of the KZ equation are given by
Ψm(w) = 〈j − 2m|
N∏
i=1
Φmiji (zi)|0〉, j =
N∑
i=1
ji, m =
N∑
i=1
mi. (4.25)
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which reproduces the well-known integral formulas. For example, we obtain, in the case of
m = 1,
Ψ1(w) = 〈j − 2|
N−1∏
n=1
Φ0jn(zn)Φ
1
jN
(zN )|0〉
=
N∏
m<n
(wm − wn)
jmjn
2κ
∫
C
dτ
N∏
n=1
(wn − τ)−
jn
κ
(
N∑
n=1
−en
wn − τ
)
v, (4.26)
and in the case of m = 2,
Ψ2(w) = 〈j − 4|
N−1∏
n=1
Φ0jn(zn)Φ
2
jN
(zN )|0〉
=
N∏
m<n
(wm − wn)
jmjn
2κ
∫
C
dτ
N∏
n=1
2∏
p=1
(wn − τp)−
jn
κ (τ1 − τ2) 2κ
×
(
N∑
m=1
N∑
n=1
emen
(wm − τ1)(wn − τ2)
)
v, (4.27)
where τ = (τ1, τ2) and C = C1 × C2. Here we have used
Φ0j (z)S(τ) = (w − τ)−
j
κ
{
: Φ0j (z)S(τ) : −
τ−
k
2κ
w − τ
(
(1⊗ e)− (w ⊗ f)): e− 2κφ1(t)Φ0j (z) :
}
, (4.28)
S(τ)S(τ ′) = (τ − τ ′) 2κ
{
: S(τ)S(τ ′) : −k(ττ
′)−
k
2κ (τ + τ ′)
(τ − τ ′)2 : e
− 2
κ
(φ1(t)+φ1(t′)) :
}
. (4.29)
5 Insertion of K operator
In the paper [55], the authors proposed the insertion of the K operator to the ŝl(2)k current
block current block in order to establish the AGT relation in the presence of a full surface
operator. The generalization to the ŝl(n)k current block is also discussed in [56]. The K
operator is defined by 3
K† = exp
( ∞∑
n=1
1
2n− 1[J
+
n−1 + J
−
n ]
)
. (5.1)
In our formalism, the K operator has the following simple expression in terms of φ0(z):
K† = e−φ(+)0 (1), (5.2)
3Since the K operator we will use below is equal to K†(1, 1) presented in [56], we denote it by K†.
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where φ
(+)
0 (z) is the positive modes of φ0(z).
4 Therefore it is meaningful to consider the four-
point correlation function with a K operator insertion,
Ψ˜m1,m2(w2) ≡ 〈j − 2m|Φm1j1 (1)e−φ
(+)
0 (1)Φm2j2 (z2)|j3〉. (5.3)
Since the screening current S(z) does not include φ0(z), it is trivial that the K operator com-
mutes with U . However, the action of e−φ
(+)
0 (1) on Φ0j (z) yields nontrivial result and we obtain
Ψ˜m1,m2(w2) = 〈j − 2m|Φm1j1 (1)Φ˜m2j2 (z2)|j3〉, (5.4)
where
Φ˜mj (z)u = Φ˜
0
j (z)U
mu
= Zj(z)X˜(z)e
−γ˜(z)⊗eUmu⊗ vj, (5.5)
with
X˜(z) = X(z) + z2Y (z),
Y˜ (z) = Y (z) +X(z),
γ˜(z) = X˜−1(z)Y˜ (z).
(5.6)
It is easy to get the explicit integral formulas for the four point current block with the K
operator insertion. For example,
Ψ˜0,0(w2) = (1− w2)
j1j2
2κ
− j2
2 w
j2j3
2κ
2
(
vj1 ⊗ e−evj2
)
, (5.7)
Ψ˜0,1(w2) = (1− w2)
j1j2
2κ
− j2
2 w
j2j3
2κ
∫
C
dτ(1− τ)− j1κ (w2 − τ)−
j2
κ τ−
j3
κ{ −e1
1− τ +
−e2 + w2f2
w2 − τ
}(
vj1 ⊗ e−evj2
)
. (5.8)
6 Summary
To summarize, we have reproduced the free field realization of the sl(2)k current algebra and the
integral formulas of the KZ equation by using three types of chiral bosons which are obtained
from the q-deformed boson in the root of unity limit. In addition, we have derived the integral
formulas for the modified four point current blocks.
4The original K operator in [55] can be realized by the negative modes of φ0.
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Finally, we give a comment on the modification of KZ equation. The insertion of the K
operator would modify the original KZ equation. Now, let us examine the OPE with the
stress-energy tensor (3.10),
T (w1)Φ˜
0
j(w2) ∼
1
(w1 − w2)2
j(j + 2)
4κ
Φ˜0j (w2) +
1
w1 − w2∂w2Φ˜
0
j (w2)
− 1
w1 − w2
(
jX˜−1Y ⊗ 1 + X˜−2Y˜ Y ⊗ e
)
Φ˜0j (w2). (6.1)
The last term is the additional one. The OPEs with H(w), F (w) and E(w) have also the
extra terms. The modification of the KZ equation is provided by these unusual behaviors in
Φ˜0j (z) with respect to the Virasoro algebra and the current algebra. Such an equation may
have the solution displayed in this paper, for example, (5.7) and (5.8) and may be related to
the quantum isomonodromy equation proposed in [68].
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